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Abstract
We study Bose–Einstein condensation (BEC) in the Luttinger–Sy model. Here,
Bose point particles in one spatial dimension do not interact with each other, but,
through a positive (repulsive) point potential with impurities which are randomly
located along the real line according to the points of a Poisson process. Our emphasis
is on the case in which the interaction strength is not infinite. As a main result, we
prove that in thermal equilibrium the one-particle ground state is macroscopically
occupied, provided that the particle density is larger than a critical one depending
on the temperature.
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1 Introduction
In this paper, we study Bose–Einstein condensation (BEC) [Ein24, Ein25] in the Luttinger–
Sy (LS) model with finite interaction strength [LS73b, LS73a]. Conventional BEC refers
to a macroscopic occupation of a one-particle ground state. If the particles do not interact
with each other (ideal Bose gas), this one-particle state is the ground state of the one-
particle Hamiltonian [PO56]. In contrast to this, generalized BEC requires a macroscopic
occupation of an arbitrarily narrow energy interval of one-particle states [Cas68, vL82,
van83, vLP86, vLL86, ZB01, Gir60, JPZ10]. More specifically, generalized BEC is then
classified into three different types: Type-I or type-II BEC is present whenever finitely
or infinitely many one-particle states in this narrow energy interval are macroscopically
occupied; generalized BEC without any one-particle state in this energy interval being
macroscopically occupied is defined as type-III.
In an ideal Bose gas, to prove generalized BEC (which is done by showing that some
critical density is finite) is much simpler than proving macroscopic occupation of the one-
particle ground state since for this one has to estimate the gaps between consecutive eigen-
values of the one-particle Hamiltonian [LZ07, Zag07, JPZ10]. Note here that external
potentials may lead to a generalized BEC by altering the density of states [LPZ04]. How-
ever, only very limited results regarding the type of BEC in random external potentials
are available [JPZ10]. Actually, to the best of our knowledge, the type of BEC has so far
been determined rigorously for the LS model with infinite interaction strength only, where
it is of type-I [LZ07, Zag07].
The LS model is a one-dimensional, continuous model with a random Hamiltonian
which is the sum of kinetic energy (described by the Laplacian) and a random point
potential. Here, a Poisson process on the real line generates a sequence of points. At all
these points we attach a δ-function of mass γ ą 0. This γ has the meaning of the interaction
strength. Formally setting γ “ 8 one arrives at the LS model with infinite interaction
strength, which has been investigated in [LS73b, LS73a, LZ07, Zag07], see also [KPS18].
The paper is organized as follows: In Section 2 we formulate the model in terms of its
Hamiltonian which itself is obtained from an associated quadratic form. We recall well-
known facts regarding the (limiting) integrated density of states, define (generalized) BEC
and state the known theorem on the existence of generalized BEC. In Section 3 we then
present our main result, Theorem 3.3, which leads to a proof of almost sure macroscopic
occupation of the one-particle ground state, see Theorem 3.5.
Auxiliary results are summarized in the appendix, to which we refer throughout the
manuscript.
2 Preliminaries
In order to introduce the Luttinger–Sy model with finite (repulsive) interaction (referred
to as LS model in the rest of the paper) one starts with a Poisson point process X on
R with intensity ν ą 0 on some probability space pΩ,F ,Pq. More explicitly, P-almost
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surely Xpωq “ txjpωq : j P Zu is a strictly increasing sequence of points (also called atoms)
xj “ xjpωq P R and zero is contained in the interval px0pωq, x1pωqq. The probability that
a given bounded Borel subset Λ Ă R contains exactly m points is
P pω : |Xpωq X Λq| “ mq “ pν|Λ|q
m
m!
e´ν|Λ| , m P N0 . (2.1)
Furthermore, for two disjoint Borel sets Λ1 and Λ2, the events tω : |Xpωq X Λ1q| “ m1u
and tω : |Xpωq X Λ2q| “ m2u are stochastically independent. Note that, depending on the
context, | ¨ | refers to the Lebesgue measure or to the counting measure.
In a next step one places at each atom xjpωq a δ-distribution of mass γ ą 0, also called
the interaction strength. The underlying one-particle Hamiltonian is informally given by
hγpωq :“ ´ d
2
dx2
` Vγpω, ¨q , (2.2)
with (external) potential
Vγpω, ¨q :“ γ
ÿ
jPZ
δp¨ ´ xjpωqq . (2.3)
Note that a rigorous definition of (2.2) can be obtained via the construction of a suitable
quadratic form on the Hilbert space L2pRq. However, since we are interested in studying
BEC, we have to employ a thermodynamic limit which, in particular, means that we have
to restrict the one-particle configuration space from R to the bounded interval ΛN :“
p´LN{2, LN{2q with LN :“ N{ρ; here ρ ą 0 denotes the particle density and N P N is a
scaling parameter (the particle number) which eventually will go to infinity. Consequently,
we introduce hNγ pωq as the finite-volume version of hγpωq, defined on the Hilbert space
L2pΛNq. More explicitly, for all N and P-almost all ω P Ω, one defines the (quadratic)
form
qNγ pωqrϕs :“
ż
ΛN
|ϕ1pxq|2 dx` γ
ÿ
j:xjpωqPΛN
|ϕpxjpωqq|2 (2.4)
on L2pΛNq with (Dirichlet) form domain H10 pΛNq :“ tϕ P L2pΛNq : ϕ1 P L2pΛNq, ϕp´LN{2q
“ ϕp`LN{2q “ 0u. This form is positive, densely defined and closed. Hence, due to the
representation theorem for quadratic forms, there exists a unique self-adjoint operator
associated with this form. Informally, this operator is
hNγ pωq :“ ´
d2
dx2
` γ
ÿ
j:xjpωqPΛN
δp¨ ´ xjpωqq . (2.5)
The spectrum of hNγ pωq is P-almost surely purely discrete. We write pEj,ωN q8j“1 for the
eigenvalues of hNγ pωq, ordered in increasing order, i.e., 0 ă E1,ωN ă E2,ωN ă E3,ωN ă ..., taking
3
into account that the eigenvalues are P-almost surely non-degenerate [KS85]. Also, we
denote the eigenfunctions corresponding to pEj,ωN q8j“1 as pϕj,ωN q8j“1 Ă L2pΛNq.
We define the integrated density of states N I,ωN : R Ñ N0 and the density of states
(measure4) N ωN associated with h
N
γ pωq, for P-almost all ω P Ω and all N P N, via
N
I,ω
N pEq :“
ż
p´8,Eq
N
ω
NpdE˜q :“
1
|ΛN |
ˇˇ 
j : Ej,ωN ă E
(ˇˇ
, E P R . (2.6)
Note that N I,ωN p¨q is non-decreasing and left-continuous.
In the grand-canonical ensemble, the (mean) number of particles nj,ωN occupying the
eigenstate ϕj,ωN at inverse temperature β P p0,8q is given by
n
j,ω
N “
´
eβpE
j,ω
N
´µωN q ´ 1
¯´1
, (2.7)
for P-almost all ω P Ω. Here, µωN P p´8, E1,ωN q denotes the chemical potential, see [BR81,
Section 5.2.5], [LW79]. The chemical potential µωN is such that
8ÿ
j“1
n
j,ω
N “ N (2.8)
holds for P-almost all ω P Ω and all N P N. Note that at fixed ρ and β, µωN is uniquely
determined. Also, (2.8) can be written equivalently asż
R
`
eβpE´µ
ω
N
q ´ 1˘´1N ωNpdEq “ ρ . (2.9)
To simplify notation later on we introduce the Bose function B : RÑ R,
BpEq :“ `eβE ´ 1˘´1ΘpEq ,
where Θ is the indicator function on p0,8q.
Definition 2.1 (Thermodynamic limit). For fixed ρ, β ą 0, the thermodynamic limit is
realized as the limit N Ñ 8 together with LN :“ N{ρ and µωN such that (2.8) holds for
P-almost all ω P Ω and all N P N.
Definition 2.2 (Bose–Einstein condensation). For fixed ρ, β ą 0, we say that the jth
eigenstate is P-almost surely macroscopically occupied (in the thermal equilibrium state
characterized by ρ and β) if
P
˜
ω : lim sup
NÑ8
n
j,ω
N
N
ą 0
¸
“ 1 . (2.10)
4When we speak of the density of states we always mean the corresponding measure and never the
density in the sense of the Radon–Nikodym derivative of this measure with respect to the Lebesgue
measure. We do not even know whether the latter exists in this model.
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Moreover, generalized BEC is said to occur P-almost surely if an arbitrarily narrow energy
interval at the lower edge of the spectrum is P-almost surely macroscopically occupied,
i.e., if
P
¨˝
ω : lim
ǫŒ0
lim sup
NÑ8
1
N
ÿ
j:E
j,ω
N
´E1,ω
N
ďǫ
n
j,ω
N ą 0‚˛“ 1 . (2.11)
Remarks 2.3. (i) In Definition 2.2 there is not a single fixed state that is macroscopi-
cally occupied but there is a sequence of eigenstates pϕj,ωN q8j“1 with the property (2.10).
This is a common abuse of language, which we adopt.
(ii) One could argue to call the jth eigenstate P-almost surely not macroscopically oc-
cupied if P-almost surely nj,ωN {N converges to zero as N Ñ 8 and then the jth
eigenstate P-almost surely macroscopically occupied if P-almost surely it does not
converge to zero. The latter condition is (2.10). Still it would be nice to replace the
limit superior in (2.10) by the limit inferior or the limit if it existed. In any case,
our result implies that P-almost surely for some subsequence of intervals the fraction
of particles occupying the ground state converges to some (strictly) positive value.
(iii) One may replace the P-almost sure property in (2.10) by the condition that the ex-
pectation Ernj,ωN {Ns is strictly positive, uniformly in N . See Remark 3.6.
From Definition 2.2 it is clear that a P-almost sure macroscopic occupation of the one-
particle ground state implies P-almost sure generalized BEC. However, the converse does
not always hold, see, e.g., [vL82] or [LZ07].
In order to prove generalized BEC for the LS model, one makes use of the fact that the
limiting integrated density of states N I8p¨q “ limNÑ8N I,ωN p¨q P-almost surely (the limit
being in the vague sense) exhibits a Lifshitz-tail behavior at the bottom of the spectrum.
We write N I8pEq :“
ş
p´8,Eq
N8pdEq and call N8 the limiting density of states (measure).
Alternatively, see for instance [HLMW01, (3.7)], one can define N I8 directly for the
infinite-volume Hamiltonian hγpωq on R. To this end, let Θ be the indicator function on
p0,8q and for x, y P R let ΘpE ´ hγpωqqpx, yq be the kernel of the spectral projection of
hγpωq onto the eigenspace with eigenvalues (strictly) less than E. Then, for all E P R,
N I8pEq “ E
“
ΘpE ´ hγpωqqp0, 0q
‰
.
This function on the right-hand side has the desired properties of being non-negative,
left-continuous, and non-decreasing. Moreover, N I,ωN converges to this function vaguely
P-almost surely as N Ñ8.
Theorem 2.4. [Egg72, GP75],[PF92, Theorems 5.29, 6.7] For the LS model one has
N I8pEq “ exp
`´πνE´1{2“1`OpE1{2q‰˘ (2.12)
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as E Œ 0, i.e., there exists a constant ĂM :“ ĂMpγq ą 0 and an rE ą 0 such that for all
0 ă E ď rE we have
N I8pEq ď ĂMe´νπE´1{2 . (2.13)
In addition, there exists a constant c ą 0 such that for all E ě 0
N
I
8pEq ď cE1{2 . (2.14)
Remark 2.5. In the proof of Lemma A.5 we use the estimate N I,ωN pEq ď N I,p0qN pEq ď
π´1
?
E for P-almost all ω P Ω, all E ě 0 and all N P N where N I,p0qN denotes the integrated
density of states of the free Hamiltonian ´d2{dx2 on H1
0
pΛNq.
Theorem 2.4 implies that the critical density
ρcpβq :“ sup
µPp´8,0q
$&%
ż
R
BpE ´ µq N8pdEq
,.- “
ż
p0,8q
BpEq N8pdEq (2.15)
is finite, i.e., ρcpβq ă 8; see Lemma A.4.
Remark 2.6. Whenever ρ ě ρcpβq then the sequence µωN of chemical potentials converges
P-almost surely to zero and to a strictly negative value whenever ρ ă ρcpβq, see Lemma A.6
and [LPZ04]. In this context note that the infimum of the spectrum of hγpωq is zero.
For the LS model one can then prove the following statement.
Theorem 2.7. [LPZ04] Generalized BEC in the LS model occurs P-almost surely if and
only if ρ ą ρcpβq.
3 Main results
Since our goal is to prove macroscopic occupation of the one-particle ground state it is
necessary to control the rate of convergence of the energies of excited states which also
converge to zero.
Remark 3.1. We repeatedly use the following inequality: If Ω1,Ω2 Ă Ω are two events
with PpΩjq ě 1´ ηj then
PpΩ1 X Ω2q ě 1´ η1 ´ η2 .
Theorem 3.2 (Energy gap). There exists a constant M ą 0 with the following property:
For any 0 ă η ă 2 and any c2 ą 2 there exists an rN “ rNpη, c2q P N such that for all
N ě rN we have PpΩ2pη, c2qq ą 1´ 5η{8 where
Ω2pη, c2q :“
#
ω : E1,ωN ď
ˆ
πν
lnpc1LN q
˙2
and Ec3,ωN ě
ˆ
πν
lnpc1LN q ´ lnpc2{2q
˙2+
,
c1 :“ ´ν{r4 lnpη{2qs, and c3 :“ r4Mc2{pηc1qs ` 1.
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Proof. In a first step we note that, by [KPS18, Theorem C.6] and the Rayleigh–Ritz
variational principle, for 0 ă η ă 2 there exists an rN “ rNpηq P N such that
P
˜
ω : E1,ωN ď
ˆ
πν
lnpc1LN q
˙2¸
ą 1´ 1
2
η
for all N ě rN with c1 :“ ´ν{r4 lnpη{2qs.
We set
rEN :“ ˆ πν
lnpc1LN q ´ lnpc2{2q
˙2
. (3.1)
Then, according to Theorem 2.4 and Lemma A.1 (identifying ĂM “ M1{2) there exists an
M ą 0 and an rN1 P N such that, with E :“ pπνq´1 lnpM1{2q,
E
”
N
I,ω
N
´ rEN¯ı ď N I8ˆ´ rE´1{2N ´ E¯´2˙ ďM exp´´νπ rE´1{2N ¯ “M c22c1LN
and consequently
E
”ˇˇˇ!
j : Ej,ωN ď rEN)ˇˇˇı “LN ¨ E ”N I,ωN ´ rEN¯ı ďM c22c1
for all N ě rN1. Therefore,
kP
´
ω :
ˇˇˇ!
j : Ej,ωN ď rEN)ˇˇˇ ě k¯ ď E ”ˇˇˇ!j : Ej,ωN ď rEN)ˇˇˇı ďM c22c1
and
P
´
ω : Ek`1,ωN ě rEN¯ “ P´ω : ˇˇˇ!j : Ej,ωN ď rEN)ˇˇˇ ď k¯ ě 1´M c22c1k
for all k P N and all N ě rN1. Setting k “ c3 ´ 1 now finishes this proof by taking
Remark 3.1 into account.
For the following statement we introduce, for fixed ρ, β and P-almost all ω P Ω,
ρ0pβq :“ lim
ǫŒ0
lim inf
NÑ8
ż
p0,ǫs
BpE ´ µωNqN ωNpdEq . (3.2)
Note that the right-hand side is P-almost surely equal to a non-random function of β;
see Lemma A.7 for details. Moreover, this lemma implies ρ0pβq “ ρ ´ ρcpβq whenever
ρ ą ρcpβq.
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Theorem 3.3 (Macroscopic occupation in probability). Assume that ρ ą ρcpβq. Then
there exists an M ą 0 with the following property: For all 0 ă η ď 1{2 and all c2 ą 2 there
exists an rN “ rNpη, c2q P N such that for all N ě rN ,
P
ˆ
ω :
n
1,ω
N
N
ě 1
c3
ρ´1p1´ η1{2qp1´ ηqρ0pβq
˙
ě 1´ 4ρ0pβq ` ρ` 1
ρ0pβq η
1{2 ´ 6η{8
with c3 “ c3pη, c2,Mq “ r4Mc2{pηc1qs ` 1 and c1 as in Theorem 3.2.
Proof. For 0 ă η ď 1{2 we define, for N P N,
Ω3pη, c2q :“
#
ω :
ˆ
πν
3 lnpLNq
˙2
ď E1,ωN ď
ˆ
πν
lnpc1LNq
˙2
and Ec3,ωN ě rEN
+
with c1, c3 as in Theorem 3.2 and rEN as in (3.1).
According to Theorem 3.2 and Lemma A.2, there exists an rN “ rNpη, c2q P N such that
for all N ě rN we have PpΩ3pη, c2qq ą 1´ 6η{8. Furthermore,
ρ “
ż
p0, rEN s
BpE ´ µωNqN ωNpdEq `
ż
p rEN ,r2πν{ lnpLN qs2s
BpE ´ µωNqN ωNpdEq
`
ż
pr2πν{ lnpLN qs2,ǫs
BpE ´ µωNqN ωNpdEq `
ż
pǫ,8q
BpE ´ µωNqN ωNpdEq
for all ǫ ą 0 and all N P N large enough. Consequently,
E
»—– ż
p0, rEN s
BpE ´ µωNqN ωNpdEq
fiffifl “ (3.3)
“ ρ´
ż
Ω3pη,c2q
»—– ż
p rEN ,r2πν{ lnpLN qs2s
BpE ´ µωNqN ωNpdEq
fiffifl Ppdωq (3.4)
´
ż
Ω3pη,c2q
»—– ż
pr2πν{ lnpLN qs2,ǫs
BpE ´ µωNqN ωNpdEq
fiffifl Ppdωq (3.5)
´
ż
ΩzΩ3pη,c2q
»—– ż
p rEN ,ǫs
BpE ´ µωNqN ωNpdEq
fiffifl Ppdωq (3.6)
´ E
»—– ż
pǫ,8q
BpE ´ µωNqN ωNpdEq
fiffifl (3.7)
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for all ǫ ą 0 and all N P N large enough.
Now, in a first step we realize that
lim
ǫŒ0
lim sup
NÑ8
E
»—– ż
pǫ,8q
BpE ´ µωNqN ωNpdEq
fiffifl ď ρcpβq .
This can be seen as follows: for ǫ ą 0 we have ş
pǫ,8q
BpE ´ µωNqN ωNpdEq ď ρ. Moreover,
lim sup
NÑ8
ż
pǫ,8q
BpE ´ µωNqN ωNpdEq ď
ż
pǫ,8q
BpEqN8pdEq ` 2
βǫ
N I8pǫq
P-almost surely due to (A.22). Hence, by (reverse) Fatou’s Lemma
lim sup
NÑ8
E
»—– ż
pǫ,8q
BpE ´ µωNqN ωNpdEq
fiffifl ď ż
pǫ,8q
BpEqN8pdEq ` 2
βǫ
N I8pǫq .
We conclude
lim
ǫŒ0
lim sup
NÑ8
E
»—– ż
pǫ,8q
BpE ´ µωNqN ωNpdEq
fiffifl ď lim
ǫŒ0
ż
pǫ,8q
BpEqN8pdEq
“
ż
p0,8q
BpEqN8pdEq
“ ρcpβq
due to Theorem 2.4 and Lemma A.4.
In a next step we show that the integrals in lines (3.4)–(3.6) either vanish or can be
bounded from above in the considered limit: concerning (3.4) we observe that for all but
finitely many N P N and for all ω P Ω3pη, c2q we obtain
rEN ´ E1,ωN ě π2ν2 2 lnpc1LNq lnpc2{2q ´ rlnpc2{2qs2rlnpc1LNqs4 ě π
2ν2
rlnpc1LN qs3 ¨ lnpc2{2q (3.8)
and therefore
BpE ´ µωNq ď
`
βpE ´ E1,ωN q
˘´1 ď rlnpc1LN qs3
βπ2ν2
¨ 1
lnpc2{2q
for all E ě rEN . Hence,
A :“ lim
NÑ8
ż
Ω3pη,c2q
»—– ż
p rEN ,r2πν{ lnpLN qs2s
BpE ´ µωNqN ωNpdEq
fiffiflPpdωq
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ď lim
NÑ8
ż
Ω3pη,c2q
»—– ż
p rEN ,r2πν{ lnpLN qs2s
rlnpc1LNqs3
βπ2ν2
¨ 1
lnpc2{2q N
ω
NpdEq
fiffiflPpdωq
ď lim
NÑ8
rlnpc1LNqs3
βπ2ν2
¨ 1
lnpc2{2q
ż
Ω3pη,c2q
N
I,ω
N
ˆ
4π2ν2
rlnpLNqs2
˙
Ppdωq ,
and since N I,ωN pEq ě 0 for all E ą 0 and all ω P Ω3pη, c2q we continue, employing
Lemma A.1 (E “ pπνq´1 lnpM1{2q) and Theorem 2.4 (ĂM “M1{2),
A ď lim
NÑ8
rlnpc1LN qs3
βπ2ν2
¨ 1
lnpc2{2qE
„
N
I,ω
N
ˆ
4π2ν2
rlnpLN qs2
˙
ď lim
NÑ8
rlnpc1LN qs3
βπ2ν2
¨ 1
lnpc2{2q
M
L
1{2
N
“ 0 .
We now turn to line (3.5): We firstly observe that for all E ě r2πν{ lnpLN qs2 and ω P
Ω3pη, c2q we have E ě r2πν{ lnpLN qs2 ě 2E1,ωN and hence E ´ µωN ě E ´E1,ωN ě p1{2qE for
all but finitely many N P N. Therefore,
B :“ lim
ǫŒ0
lim
NÑ8
ż
Ω3pη,c2q
»—– ż
pr2πν{ lnpLN qs2,ǫs
BpE ´ µωNqN ωNpdEq
fiffiflPpdωq
ď lim
ǫŒ0
lim
NÑ8
ż
Ω3pη,c2q
»—– ż
pr2πν{ lnpLN qs2,ǫs
BpE{2qN ωNpdEq
fiffiflPpdωq
ď 2
β
lim
ǫŒ0
lim
NÑ8
ż
Ω3pη,c2q
»—– ż
pr2πν{ lnpLN qs2,ǫs
E´1N ωNpdEq
fiffiflPpdωq .
Then, an integration by parts (for Lebesgue–Stieltjes integrals, see, e.g., [HS65, Theorem
21.67]) and an application of the Fubini–Tonelli theorem yields
B ď 2
β
lim
ǫŒ0
lim
NÑ8
ż
Ω3pη,c2q
»—–ǫ´1N I,ωN pǫq ` ǫż
r2πν{ lnpLN qs2
N
I,ω
N pEqE´2 dE
fiffifl Ppdωq
ď 2
β
lim
ǫŒ0
lim
NÑ8
«
ǫ´1
ż
Ω3pη,c2q
N
I,ω
N pǫqPpdωq`
`
ǫż
r2πν{ lnpLN qs2
¨˚
˝ ż
Ω3pη,c2q
N
I,ω
N pEqPpdωq‹˛‚E´2 dE
fiffifl
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ď 2
β
lim
ǫŒ0
lim
NÑ8
»—–ǫ´1E ”N I,ωN pǫqı` ǫż
r2πν{ lnpLN qs2
E
”
N
I,ω
N pEq
ı
E´2 dE
fiffifl .
With an M ą 0 due to Lemma A.1 pE “ pπνq´1 lnpM1{2qq and Theorem 2.4 (ĂM “M1{2)
ď 2M
β
lim
ǫŒ0
lim
NÑ8
»—–ǫ´1e´νπǫ´1{2 ` ǫż
r2πν{ lnpLN qs2
e´νπE
´1{2
E´2 dE
fiffifl
ď 2M
β
lim
ǫŒ0
lim
NÑ8
»—–ǫ´1 4! ǫ2pνπq4 `
ǫż
r2πν{ lnpLN qs2
4!E2
pνπq4E
´2 dE
fiffifl
ď 2M
β
4!
pνπq4 limǫŒ0 rǫ` ǫs “ 0
P-almost surely. We now turn to line (3.6): we calculate, using (reverse) Fatou’s Lemma,
dominated convergence, and Lemma A.7,
lim
ǫŒ0
lim sup
NÑ8
ż
ΩzΩ3pη,c2q
„ż
p0,ǫs
BpE ´ µωNqN ωNpdEq

Ppdωq
ď lim
ǫŒ0
ż
ΩzΩ3pη,c2q
lim sup
NÑ8
„ż
p0,ǫs
BpE ´ µωNqN ωNpdEq

Ppdωq
“
ż
ΩzΩ3pη,c2q
lim
ǫŒ0
lim sup
NÑ8
„ż
p0,ǫs
BpE ´ µωNqN ωNpdEq

Ppdωq ď ρ0pβqη .
Altogether we have shown that
lim inf
NÑ8
E
»—– ż
p0, rEN s
BpE ´ µωNqN ωNpdEq
fiffifl ě p1´ ηqρ0pβq. (3.9)
In order to proceed, we define the random variable
XωN :“ p1´ ηqρ0pβq ´
ż
p0, rEN s
BpE ´ µωNqN ωNpdEq .
By Lemma A.7 and Theorem 2.4 we obtain, for some fixed ǫ1 ą 0 small enough,
lim sup
NÑ8
ż
p0, rEN s
BpE ´ µωNqN ωNpdEq ď lim sup
NÑ8
ż
p0,ǫ1s
BpE ´ µωNqN ωNpdEq
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ď
´
1` η
2
¯
ρ0pβq ,
and hence, with rxs` :“ max px, 0q,
lim
NÑ8
»—– ż
p0, rEN s
BpE ´ µωNqN ωNpdEq ´
´
1` η
2
¯
ρ0pβq
fiffifl
`
“ 0
P-almost surely. Consequently,
P
¨˚
˝ω :
»—– ż
p0, rEN s
BpE ´ µωNqN ωNpdEq ´
´
1` η
2
¯
ρ0pβq
fiffifl
`
ď η
2
ρ0pβq‹˛‚ě 1´ η
and therefore Ppω : XωN ě ´2ηρ0pβqq ě 1´ η for all but finitely many N P N.
Moreover, XωN ě ´ρ for all N P N and P-almost all ω P Ω3pη, c2q. Also, (3.9) implies
lim supNÑ8ErXωN s ď 0 and therefore, for all but finitely many N P N,
η ě E rXωN s “
ż
Xω
N
ěη1{2p1´ηqρ0pβq
XωN Ppdωq `
ż
´2ηρ0pβqďXωNăη
1{2p1´ηqρ0pβq
XωN Ppdωq
`
ż
Xω
N
ă´2ηρ0pβq
XωN Ppdωq
ě η1{2p1´ ηqρ0pβqP
´
XωN ě η1{2p1´ ηqρ0pβq
¯
´ 2ηρ0pβq ´ ηρ .
Since 0 ă η ď 1{2,
P
¨˚
˝ω : ż
p0, rEN s
BpE ´ µωNqN ωNpdEq ď p1´ η1{2qp1´ ηqρ0pβq‹˛‚ď 4ρ0pβq ` ρ` 1ρ0pβq η1{2
for all but finitely many N P N.
Hence, in total we have shown that for all 0 ă η ď 1{2 there exists an rN “ rNpηq P N
such that for all N ě rN one has
P
ˆ
ω :
n
1,ω
N
N
ě 1
c3
ρ´1p1´ η1{2qp1´ ηqρ0pβq
˙
ě P
ˆ"
ω :
n
1,ω
N
N
ě 1
c3
ρ´1p1´ η1{2qp1´ ηqρ0pβq
*
X Ω3pη, c2q
˙
ě P
˜!
ω :
ż
p0, rEN s
BpE ´ µωNqN ωNpdEq ě p1´ η1{2qp1´ ηqρ0pβq
)
X Ω3pη, c2q
¸
12
ě 1´ 4ρ0pβq ` ρ` 1
ρ0pβq η
1{2 ´ 6η{8 .
Note that we used the fact that nj,ωN {N is monotonically decreasing in j.
Theorem 3.3 shows that the one-particle ground state is, with strictly positive proba-
bility, macroscopically occupied. Regarding excited states we can show the following.
Corollary 3.4. Let M ą 0 be given as in Theorem 3.3 and c1 as in Theorem 3.2. Then,
for all η1 ą 0, 0 ă η ď 1{2, c2 ą 2, and j ě c3 :“ r4Mc2{pηc1qs ` 1 there exists anrN “ rNpη1, η, c2q such that for all N ě rN one has
P
˜
ω :
n
j,ω
N
N
ă η1
¸
ě P
ˆ
ω :
n
c3,ω
N
N
ă η1
˙
ą 1´ 5η{8 .
Proof. Let η1 ą 0, 0 ă η ă 2 and c2 ą 2 be arbitrary. According to Theorem 3.2 there
exists an rN “ rNpη, c2q P N such that for all N ě rN we have PpΩ2pη, c2qq ą 1´ 5η{8 with
Ω2pη, c2q as in Theorem 3.2.
Consequently, there exists a number pN ě rN such that, for all N ě pN and all ω P
Ω2pη, c2q (see also (3.8))
1
N
n
c3,ω
N “
1
N
´
eβpE
c3,ω
N
´µωN q ´ 1
¯´1
ď 1
N
´
eβpE
c3,ω
N
´E1,ω
N
q ´ 1
¯´1
ď 1
N
”
βpEc3,ωN ´ E1,ωN q
ı´1
ă η1 .
Most importantly, Theorem 3.3 implies P-almost sure Bose–Einstein condensation into
the one-particle ground state as demonstrated by the following statement.
Theorem 3.5 (Macroscopic occupation of the ground state). The ground state is P-almost
surely macroscopically occupied, that is, according to Definition 2.2,
P
ˆ
ω : lim sup
NÑ8
n
1,ω
N
N
ą 0
˙
“ 1 .
Proof. Suppose to the contrary that there exists a 0 ă C ď 1 such that PplimNÑ8 n1,ωN {N “
0q ě C. Then, for 0 ă η ď 1{2, c2 ą 2, and c3 “ c3pη,Mq as in Theorem 3.3 we obtain
lim sup
NÑ8
P
ˆ
ω :
n
1,ω
N
N
ě 1
c3
ρ´1p1´ η1{2qp1´ ηqρ0pβq
˙
ď P
ˆ
ω : lim sup
NÑ8
n
1,ω
N
N
ě 1
c3
ρ´1p1´ η1{2qp1´ ηqρ0pβq
˙
ď P
ˆ
ω :  
ˆ
lim
NÑ8
n
1,ω
N
N
“ 0
˙˙
ď 1´ C .
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However, due to Theorem 3.3 there exists an rN P N such that for all N ě rN one has
P
ˆ
ω :
n
1,ω
N
N
ě 1
c3
ρ´1p1´ η1{2qp1´ ηqρ0pβq
˙
ě 1´ 4ρ0pβq ` ρ` 1
ρ0pβq η
1{2 ´ 6η{8
ě 1´ C
2
,
for η small enough.
Remark 3.6. Using Theorem 3.3 we can show that
E
”n1,ωN
N
ı
“ E
”n1,ωN
N
1
´n1,ωN
N
ě cpηq
¯ı
` E
”n1,ωN
N
1
´n1,ωN
N
ă cpηq
¯ı
ě cpηqp1´ ǫq ,
where cpηq “ 1
c3
ρ´1p1´ η1{2qp1´ ηqρ0pβq, ǫ “ 4ρ0pβq ` ρ` 1
ρ0pβq η
1{2 ` 6η{8, and 1p¨q the in-
dicator function. This proves that lim infNÑ8E
“
n
1,ω
N {N
‰ ą 0, that is, there is macroscopic
occupation of the ground state in expectation.
Conclusion
In this paper we proved, for the first time, that the one-particle ground state in the
Luttinger–Sy model with non-infinite interaction strength is macroscopically occupied,
see Theorem 3.5. This follows from Theorem 3.3, where we show that the probability
of macroscopic occupation of the ground state is arbitrarily close to 1, uniformly in the
number of particles. It seems plausible but we are not able to prove that only the ground
state is macroscopically occupied; this would then yield a type-I BEC. Nevertheless, in
Corollary 3.4 we do prove that highly excited one-particle eigenstates are arbitrarily close
to not being occupied with a probability arbitrarily close to 1.
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A Appendix
In this appendix we collect results for the LS model that we used to establish the results in
the previous sections. We start with an estimate between the integrated density of states
for finite N and the infinite-volume integrated density of states.
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Lemma A.1. For all N P N, E ą 0, and 0 ă E ă E´1{2 we have
E
”
N
I,ω
N pEq
ı
ď N I8prE´1{2 ´ Es´2q . (A.1)
Moreover, for all N P N and Lebesgue-almost all E ě 0 (i.e., all E ě 0 except the
discontinuity points of N I8) one has
E
”
N
I,ω
N pEq
ı
ď N I8pEq . (A.2)
Proof. In this proof, N I,ω
Λ
denotes the integrated density of states corresponding to the
operator hΛγ pωq on H10 pΛq, defined analogously to (2.5).
In a first step, we realize that, for arbitrary disjoint intervals Λ1,Λ2 Ă R and for any
E ě 0, the inequality
|Λ1|N I,ω
Λ1
pEq ` |Λ2|N I,ω
Λ2
pEq ď |Λ1 Y Λ2|N I,ω
Λ1YΛ2pEq (A.3)
holds for P-almost all ω P Ω, see, e.g., [PF92, 5.39a].
For M,N P N and j P Z we define ΛjN :“ ΛN ` LN ¨ j and ΛM,N :“
Ť
jPZ:|j|ďM Λ
j
N .
Note that tN I,ω
Λ
j
N
pEqujPZ is a set of independent and identically distributed random variables
for all E ě 0. Hence, employing the strong law of large numbers, inequality (A.3), and
introducing the continuous function
fE,E : RÑ R, x ÞÑ
$’’’’’’&’’’’’’’%
0 if x ď ´E
1` E´1x if ´ E ă x ă 0
1 if 0 ď x ď E
1´ x´ ErE´1{2 ´ Es´2 ´ E if E ă x ă rE
´1{2 ´ Es´2
0 if x ě rE´1{2 ´ Es´2
we find that, for all E ą 0,
E
”
N
I,ω
N pEq
ı
“ lim
MÑ8
1
2M ` 1
ÿ
jPZ:|j|ďM
N
I,ω
Λ
j
N
pEq
“ lim
MÑ8
1
|ΛM |
ÿ
jPZ:|j|ďM
|ΛjN |N I,ωΛj
N
pEq
ď lim sup
MÑ8
N
I,ω
ΛM,N
pEq ď lim sup
MÑ8
N
I,ω
M pEq
ď lim
MÑ8
ż
R
fE,Ep rEqN ωMpd rEq “ ż
R
fE,Ep rEqN8pd rEq
ď N I8prE´1{2 ´ Es´2q .
(A.2) follows from the fact that N I8 is monotonically increasing and hence has at most
countably many points of discontinuity and by taking the limit E Œ 0.
15
Using this result we obtain a lower bound for the ground-state energy.
Lemma A.2. For all κ ą 2 and for P-almost all ω there exists an rN “ rNpκ, ωq P N such
that for all N ě rN we have
E
1,ω
N ě
ˆ
πν
κ lnpLN q
˙2
. (A.4)
Proof. Let κ ą 2 be given. We define pEN :“ pπν{rκ lnpLN qsq2 for all N P N with LN ą 1,
and pick some E ą 0.
Then, with Lemma A.1 and Theorem 2.4 we conclude that for all but finitely many
N P N one has
P
´
ω : |ΛN | ¨N ωNp pENq ě 1¯ ď LN ¨ E ”N I,ωN p pENqı
ď LN ¨N I8pr pE´1{2N ´ Es´2q
ď ĂMLN ¨ exp´´πν ” pE´1{2N ´ Eı¯
ď ĂMeπνE ¨ L´κ`1N .
Hence
ř8
N“1P
´
ω : LN ¨N ωNp pEN q ě 1¯ ă 8 and the statement follows from the Borel–
Cantelli lemma.
Remark A.3. Lemma A.1 and Lemma A.2 can readily be generalized to Poisson random
potentials of the form
V pω, ¨q “
ÿ
jPZ
up¨ ´ xjpωqq ,
with u P L8pRq having compact support. What we do not have at our disposal is the
OpE1{2q-error bound in the Lifshitz-tail behavior. If we did we could carry over our results
to these models.
Note that the critical density ρcpβq was defined in (2.15).
Lemma A.4. For all β ą 0, the critical density ρcpβq satisfies
ρcpβq “
ż
p0,8q
BpEqN8pdEq ă 8 .
Proof. In a first step we show thatż
R
BpEqN8pdEq “
ż
p0,8q
BpEqN8pdEq (A.5)
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is finite. In order to do this, we choose rE1 :“ rE with rE ą 0 as in Theorem 2.4. Moreover,
we choose rE2 ą rE1 such that for E ě rE2 one has
BpEq ď `2´1{2eβE˘´1 (A.6)
and
N
I
8pEq ď cE1{2 (A.7)
with c ą 0 as in Theorem 2.4. We write,ż
p0,8q
BpEqN8pdEq “
ż
p0, rE1s
BpEqN8pdEq (A.8)
`
ż
p rE1, rE2s
BpEqN8pdEq (A.9)
`
ż
p rE2,8q
BpEqN8pdEq (A.10)
The term in line (A.9) is finite sinceż
p rE1, rE2s
BpEqN8pdEq ď Bp rE1qN I8p rE2q ď cBp rE1q rE1{22 ă 8 ,
see also (A.7).
In the following, we write N I8pE`q for the right-sided limit of N I8 at E; recall that N I8
is left-continuous.
For the term in line (A.8) we get, using integration by parts, see, e.g., [HS65, Theorem
21.67], and the fact that N I8 is non-decreasing,
A :“ lim
ǫ1Œ0
ż
pǫ1, rE1s
BpEqN8pdEq
ď lim
ǫ1Œ0
$’&’%Bp rE1qN I8p rE1`q `
rE1ż
ǫ1
N I8pEq
“
BpEq‰2 βeβE dE
,/./-
ď Bp rE1qN I8p2 rE1q `
rE1ż
0
N I8pEq
“
BpEq‰2 βeβE dE
and by Theorem 2.4,
ď Bp rE1qN I8p2 rE1q `
rE1ż
0
ĂMe´νπE´1{2pβEq´2βeβE dE
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ď Bp rE1qN I8p2 rE1q ` ĂMβ´1eβ rE1
rE1ż
0
4!E2
pνπq4E
´2 dE ă 8 .
As a last step, we show that also the term in line (A.10) is finite. We obtain
C :“ lim
ǫ2Ñ8
ż
p rE2,ǫ2s
BpEqN8pdEq
ď lim
ǫ2Ñ8
»—–Bpǫ2qN I8pǫ2`q ` ǫ2ż
rE2
N I8pEq
“
BpEq‰2 βeβE dE
fiffifl
by using integration by parts. Since N I8 is non-decreasing,
C ď lim
ǫ2Ñ8
»—–Bpǫ2qN I8p2ǫ2q ` ǫ2ż
rE2
N I8pEq
“
BpEq‰2 βeβE dE
fiffifl
and using (A.6) and (A.7),
ď lim
ǫ2Ñ8
»—–2c e´βǫ2ǫ1{22 ` 2cβ ǫ2ż
rE2
E1{2e´2βEeβE dE
fiffifl ă 8 .
Altogether we have by now proved (A.5).
The final statement about ρcpβq then follows, using again dominated convergence, by
ρcpβq “ sup
µPp´8,0q
$&%
ż
R
BpE ´ µqN8pdEq
,.-
“ sup
µPp´8,0q
$’&’%
ż
p0,8q
BpE ´ µqN8pdEq
,/./-
“ lim
µÑ0´
ż
p0,8q
BpE ´ µqN8pdEq
“
ż
p0,8q
BpE ´ µqN8pdEq ă 8 .
The statement in the next lemma is not trivial since we have only vague convergence
of the density of states and not weak convergence.
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Lemma A.5. For all µ ă 0 we have P-almost surely
lim
NÑ8
ż
p0,8q
BpE ´ µqN ωNpdEq “
ż
p0,8q
BpE ´ µqN8pdEq . (A.11)
Proof. Let µ ă 0 be given. Then, for all E2 ą 0 we get
lim sup
NÑ8
ż
p0,8q
BpE ´ µqN ωNpdEq
ď lim sup
NÑ8
ż
p0,E2s
BpE ´ µqN ωNpdEq ` lim sup
NÑ8
ż
rE2,8q
BpE ´ µqN ωNpdEq .
For 0 ă E ă ´µ we define the real function gE,E2 as
gE,E2pEq :“
$’’’’’’’&’’’’’’%
0 if E ď ´E
1` E´1E if ´ E ă E ă 0
1 if 0 ď E ď E2
1´ E ´ E2
E
if E2 ă E ă E2 ` E
0 if E ą E2 ` E
. (A.12)
For the first integral we P-almost surely obtain, by P-almost sure vague convergence,
lim sup
NÑ8
ż
p0,E2s
BpE ´ µqN ωNpdEq
ď lim sup
NÑ8
ż
R
gE,E2pEqBpE ´ µqN ωNpdEq
ďBpE2 ´ µqN I8pE2 ` Eq `
ż
p0,E2s
BpE ´ µqN8pdEq .
Furthermore,
lim sup
NÑ8
ż
rE2,8q
BpE ´ µqN ωNpdEq ď lim sup
NÑ8
lim
ǫ2Ñ8
ż
rE2,ǫ2s
BpE ´ µqN ωNpdEq ,
and integrating by parts gives
ď lim sup
NÑ8
lim
ǫ2Ñ8
»–Bpǫ2 ´ µqN I,ωN pǫ2q ` β ǫ2ż
E2
N
I,ω
N pEq
“
BpE ´ µq‰2 eβpE´µq dE
fifl .
19
If we denote with N
I,p0q
N the integrated density of states of the free Hamiltonian ´d2{dx2
on H1
0
pΛNq then we can further bound this by
ď lim sup
NÑ8
lim
ǫ2Ñ8
»–Bpǫ2 ´ µqN I,p0qN pǫ2q ` β ǫ2ż
E2
N
I,p0q
N pEq
“
BpE ´ µq‰2 eβpE´µq dE
fifl .
Since N
I,p0q
N pEq ď π´1E1{2 for all E ě 0 and all N P N we get
“ lim
ǫ2Ñ8
»–π´1Bpǫ2 ´ µqǫ1{22 ` βπ´1 ǫ2ż
E2
E1{2
“
BpE ´ µq‰2 eβpE´µq dE
fifl
“βπ´1
8ż
E2
E1{2
“
BpE ´ µq‰2 eβpE´µq dE .
Hence, in total we obtain P-almost surely
lim sup
NÑ8
ż
p0,8q
BpE ´ µqN ωNpdEq
ď lim
E2Ñ8
BpE2 ´ µqN I8pE2 ` Eq ` lim
E2Ñ8
ż
p0,E2s
BpE ´ µqN8pdEq
` βπ´1 lim
E2Ñ8
8ż
E2
E1{2
“
BpE ´ µq‰2 eβpE´µq dE
“
ż
p0,8q
BpE ´ µqN8pdEq ,
where we also used Theorem 2.4.
On the other hand, for all E2 ą 0 P-almost surely,
lim inf
NÑ8
ż
p0,8q
BpE ´ µqN ωNpdEq ě lim inf
NÑ8
ż
R
gE,E2pEqBpE ´ µqN ωNpdEq
“
ż
R
gE,E2pEqBpE ´ µqN8pdEq
ě
ż
p0,E2s
BpE ´ µqN8pdEq .
Thus, P-almost surely,
lim inf
NÑ8
ż
p0,8q
BpE ´ µqN ωNpdEq ě lim
E2Ñ8
ż
p0,E2s
BpE ´ µqN8pdEq “
ż
p0,8q
BpE ´ µqN8pdEq .
20
The next lemma is taken from [LPZ04]. We follow in parts their proof.
Lemma A.6. If ρ ă ρcpβq, then µωN converges P-almost surely to a non-random limit
point pµ ă 0. On the other hand, if ρ ě ρcpβq, then µωN converges P-almost surely to 0.
Proof. In a first step, we show that the sequence pµωNq8N“1 has P-almost surely at least one
accumulation point in both cases: Note that
lim sup
NÑ8
ż
p0,8q
e´βEN ωNpdEq ď lim sup
NÑ8
1
LN
8ÿ
j“1
e´βpjπ{LN q
2 “ p4πβq´1{2 ă 8 (A.13)
for P-almost all ω P Ω. We define
φωNpβq :“
1
LN
8ÿ
j“1
e´βE
j,ω
N “
ż
p0,8q
e´βE N ωNpdEq .
The relation between φωNpβq and ρ is simply
ρ “ 1
LN
8ÿ
j“1
´
eβpE
j,ω
N
´µωN q ´ 1
¯´1
“ 1
LN
8ÿ
j“1
e´βE
j,ω
N
1
e´βµ
ω
N ´ e´βEj,ωN
ď
˜
1
LN
8ÿ
j“1
e´βE
j,ω
N
¸
eβµ
ω
N
1´ e´βpE1,ωN ´µωN q
“ φωNpβq
eβµ
ω
N
1´ e´βpE1,ωN ´µωN q
.
Consequently, we conclude that
ρ´ ρe´βE1,ωN eβµωN ď φωNpβqeβµ
ω
N
and
β´1 ln
˜
ρ
φωNpβq ` ρe´βE
1,ω
N
¸
ď µωN . (A.14)
Due to (A.13) we have lim supNÑ8 φ
ω
Npβq ă 8. Moreover, since µωN ă E1,ωN for all
N P N and since E1,ωN converges P-almost surely to 0, we obtain P-almost surely
β´1 ln
¨˝
ρ
lim sup
NÑ8
φωNpβq ` ρ
‚˛ď lim inf
NÑ8
µωN ď lim sup
NÑ8
µωN ď 0 .
This shows that there exists a set rΩ Ă Ω with measure PprΩq “ 1 such that for all
ω P rΩ equation (A.11) from Lemma A.5 holds and the sequence pµωNq8N“1 has at least one
accumulation point µω8 P R.
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Now, for ω P rΩ consider the case where ρ ă ρcpβq: Since
p´8, 0q Ñ R, µ ÞÑ
ż
p0,8q
BpE ´ µqN8pdEq (A.15)
is a strictly increasing function, there is a unique, non-random solution pµ ă 0 to
ρ “
ż
p0,8q
BpE ´ µqN8pdEq . (A.16)
Suppose to the contrary that the accumulation point µω8 is zero. Then there exists a
subsequence pµωNjq8j“1 which converges to 0. It follows that
pµ
2
ă µωNj (A.17)
for all but finitely many j P N. Because
p´8, 0q Ñ R, µ ÞÑ
ż
p0,8q
BpE ´ µqN ωNpdEq (A.18)
is strictly increasing,ż
p0,8q
BpE ´ pµ{2qN ωNjpdEq ă ż
p0,8q
BpE ´ µωNj qN ωNjpdEq “ ρ (A.19)
for all but finitely many j P N. However, due to (A.16) and employing Lemma A.5
ρ “
ż
p0,8q
BpE ´ pµqN8pdEq
ă
ż
p0,8q
BpE ´ pµ{2qN8pdEq
“ lim
NÑ8
ż
p0,8q
BpE ´ pµ{2qN ωN pdEq ,
(A.20)
which is a contradiction to (A.19). As a consequence, any accumulation point µω8 is strictly
smaller than 0. In addition, using Lemma A.5, m P N,
lim sup
jÑ8
ż
p0,8q
BpE ´ µωNj qN ωNjpdEq ď limjÑ8
ż
p0,8q
BpE ´ µω8 `m´1µω8{2qN ωNjpdEq
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“
ż
p0,8q
BpE ´ µω8 `m´1µω8{2qN8pdEq
and
lim inf
jÑ8
ż
p0,8q
BpE ´ µωNjqN ωNjpdEq ě limjÑ8
ż
p0,8q
BpE ´ µω8 ´m´1µω8{2qN ωNjpdEq
“
ż
p0,8q
BpE ´ µω8 ´m´1µω8{2qN8pdEq .
Hence, since m P N was arbitrary,
lim
jÑ8
ż
p0,8q
BpE ´ µωNjqN ωNjpdEq “
ż
p0,8q
BpE ´ µω8qN8pdEq .
We conclude thatż
p0,8q
BpE ´ pµqN8pdEq “ ρ “ lim
jÑ8
ż
p0,8q
BpE ´ µωNjqN ωNjpdEq
“
ż
p0,8q
BpE ´ µω8qN8pdEq ,
(A.21)
holds P-almost surely for all convergent subsequences of pµωNq8N“1 with corresponding limit
point µω8. Hence, due to the strict monotonicity of the function (A.15) and due to (A.21),
any accumulation point µω8 is equal to pµ. In other words, the sequence pµωNq8N“1 converges
to the non-random limit pµ ă 0.
In the next step we assume that ρ ě ρcpβq: Suppose to the contrary that the sequence
pµωNq8N“1 has an accumulation point µω8 ă 0 with the subsequence pµωNjq8j“1 converging to
it. As in (A.21) we get
ρ “ lim
jÑ8
ż
p0,8q
BpE ´ µωNj qN ωNjpdEq “
ż
p0,8q
BpE ´ µω8qN8pdEq ě ρcpβq .
However, one also has
ż
p0,8q
BpE ´ µω8qN8pdEq ă sup
µPp´8,0q
$’&’%
ż
p0,8q
BpE ´ µqN8pdEq
,/./- “ ρcpβq ,
yielding a contradiction. Since this holds for any subsequence, we conclude the statement.
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The next lemma is essential in the proof of generalized BEC in the supercritical region
ρ ą ρcpβq. We do not know whether the limit of
ş
pǫ,8q
BpE ´ µωNqN ωNpdEq as N Ñ 8
exists P-almost surely. Therefore we state bounds on the lim sup and lim inf, which, most
importantly, coincide in the limit ǫŒ 0.
Lemma A.7. If ρ ě ρcpβq and ǫ ą 0, then P-almost surely,
lim sup
NÑ8
ż
pǫ,8q
BpE ´ µωNqN ωNpdEq ď
ż
pǫ,8q
BpEqN8pdEq ` 2
βǫ
N I8pǫq , (A.22)
lim inf
NÑ8
ż
pǫ,8q
BpE ´ µωNqN ωNpdEq ě
ż
pǫ,8q
BpEqN8pdEq ´ 4
βǫ
N I8p2ǫq ,
and
lim
ǫŒ0
lim sup
NÑ8
ż
pǫ,8q
BpE ´ µωNqN ωNpdEq
“ lim
ǫŒ0
lim inf
NÑ8
ż
pǫ,8q
BpE ´ µωNqN ωNpdEq “ ρcpβq .
(A.23)
Proof. In a first step we note that P-almost surely and for all E2 ą ǫ ą 0
lim
NÑ8
ż
R
gpE2qǫ pEqBpE ´ µωNqN ωNpdEq “
ż
R
gpE2qǫ pEqBpEqN8pdEq (A.24)
where
gpE2qǫ pEq :“
$’’’’’’’’’&’’’’’’’’%
0 if E ă ǫ{2
E ´ ǫ{2
ǫ{2 if ǫ{2 ď E ď ǫ
1 if ǫ ă E ď E2
1´ E ´ E2
E2
if E2 ă E ă 2E2
0 if E ě 2E2
. (A.25)
This can be shown as follows: One hasˇˇˇˇ
ˇˇ ż
R
gpE2qǫ pEqBpE ´ µωNqN ωNpdEq ´
ż
R
gpE2qǫ pEqBpEqN8pdEq
ˇˇˇˇ
ˇˇ (A.26)
ď
ˇˇˇˇ
ˇˇ ż
R
gpE2qǫ pEq pBpE ´ µωNq ´ BpEqq N ωNpdEq
ˇˇˇˇ
ˇˇ (A.27)
24
`
ˇˇˇˇ
ˇˇ ż
R
gpE2qǫ pEqBpEq
“
N ωNpdEq ´N8pdEq
‰ ˇˇˇˇˇˇ . (A.28)
For the term in line (A.27) we get P-almost surely, using that P-almost surely µωN converges
to 0 and (2.9),
lim
NÑ8
ˇˇˇˇ
ˇˇ ż
R
gpE2qǫ pEq
eβE ´ eβpE´µωN q`
eβpE´µ
ω
N
q ´ 1˘ ¨ ´eβE ´ 1¯ N ωNpdEq
ˇˇˇˇ
ˇˇ “ 0 .
The term in line (A.28) P-almost surely converges to zero forN Ñ8 by vague convergence.
Next, we obtain, for all E2 ą ǫ and all N P N,ż
pǫ,8q
BpE ´ µωNqN ωNpdEq
“
ż
pǫ,E2s
BpE ´ µωNqN ωNpdEq `
ż
pE2,8q
BpE ´ µωNqN ωNpdEq .
On the one hand, by (A.24) we have P-almost surely,
lim sup
NÑ8
ż
pǫ,E2s
BpE ´ µωNqN ωNpdEq ď lim
NÑ8
ż
R
gpE2qǫ pEqBpE ´ µωNqN ωNpdEq
“
ż
R
gpE2qǫ pEqBpEqN8pdEq .
As for the second integral, we obtain P-almost surely,
lim sup
NÑ8
ż
pE2,8q
BpE ´ µωNqN ωNpdEq ď lim sup
NÑ8
ż
rE2,8q
BpE ´ ǫ{2qN ωNpdEq
ď βπ´1
8ż
E2
E1{2
“
BpE ´ ǫ{2q‰2eβpE´ǫ{2q dE
where the last step is as in the proof of Lemma A.5 (with µ “ ǫ{2).
We conclude that
lim sup
NÑ8
ż
pǫ,8q
BpE ´ µωNqN ωNpdEq
ď
ż
R
gpE2qǫ pEqBpEqN8pdEq ` βπ´1{2
8ż
E2
E1{2
“
BpE ´ ǫ{2q‰2eβpE´ǫ{2q dE
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for all E2 ą 0 and hence
lim sup
NÑ8
ż
pǫ,8q
BpE ´ µωNqN ωNpdEq
ď lim
E2Ñ8
ż
R
gpE2qǫ pEqBpEqN8pdEq
` lim
E2Ñ8
βπ´1{2
8ż
E2
E1{2
“
BpE ´ ǫ{2q‰2eβpE´ǫ{2q dE
ď lim
E2Ñ8
ż
rǫ{2,2E2s
BpEqN8pdEq
ď
ż
pǫ,8q
BpEqN8pdEq ` 2
βǫ
N
I
8pǫq .
On the other hand, for all E2 ą ǫ and all N P N,ż
pǫ,8q
BpE ´ µωNqN ωNpdEq
ě
ż
R
gpE2qǫ pEqBpE ´ µωNqN ωNpdEq ´
ż
rǫ{2,ǫs
gpE2qǫ pEqBpE ´ µωNqN ωNpdEq .
For the first integral, by (A.24), P-almost surely
lim
NÑ8
ż
R
gpE2qǫ pEqBpE ´ µωNqN ωNpdEq “
ż
R
gpE2qǫ pEqBpEqN8pdEq
ě
ż
pǫ,E2s
BpEqN8pdEq .
Since µωN converges P-almost surely to zero and N
ω
N converges P-almost surely vaguely to
N8, the second integral P-almost surely converges to
lim sup
NÑ8
ż
rǫ{2,ǫs
gpE2qǫ pEqBpE ´ µωNqN ωNpdEq
ď lim sup
NÑ8
ż
rǫ{2,ǫs
gpE2qǫ pEqBpE ´ ǫ{4qN ωNpdEq
ďBpǫ{4q
ż
R
gpǫqǫ pEqN8 pdEq
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ď 4
βǫ
N I8p2ǫq .
We conclude that, P-almost surely,
lim inf
NÑ8
ż
pǫ,8q
BpE ´ µωNqN ωNpdEq ě
ż
pǫ,E2s
BpEqN8pdEq ´ 4
βǫ
N I8p2ǫq
for all E2 ą ǫ and hence
lim inf
NÑ8
ż
pǫ,8q
BpE ´ µωNqN ωNpdEq ě
ż
pǫ,8q
BpEqN8pdEq ´ 4
βǫ
N I8p2ǫq .
Finally, with Theorem 2.4, we obtain
lim
ǫŒ0
4
βǫ
N I8p2ǫq ď lim
ǫŒ0
4
βǫ
ĂM 4!p2ǫq2pπνq4 “ 0 ,
which, taking Lemma A.4 into account, shows that P-almost surely
lim
ǫŒ0
lim sup
NÑ8
ż
pǫ,8q
BpE ´ µωNqN ωNpdEq “ lim
ǫŒ0
lim inf
NÑ8
ż
pǫ,8q
BpE ´ µωNqN ωNpdEq
“ lim
ǫŒ0
ż
pǫ,8q
BpEqN8pdEq
“ ρcpβq .
Finally, we present a proof of generalized BEC and we follow in parts the proof in
[LPZ04].
Proof of Theorem 2.7. Assume firstly that ρ ě ρcpβq: According to Lemma A.6, the se-
quence pµωNq8N“1 converges to 0 P-almost surely. Also, for all ǫ ą 0, all N P N and P-almost
all ω P Ω one has
ρ “
ż
p0,ǫs
BpE ´ µωNqN ωNpdEq `
ż
pǫ,8q
BpE ´ µωNqN ωNpdEq
and hence
ρ0pβq “ lim
ǫŒ0
lim inf
NÑ8
ż
p0,ǫs
BpE ´ µωNqN ωNpdEq
“ ρ´ lim
ǫŒ0
lim sup
NÑ8
ż
pǫ,8q
BpE ´ µωNqN ωNpdEq .
(A.29)
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Consequently, by (A.23),
ρ0pβq “ ρ´ ρcpβq
holds P-almost surely, implying the statement.
In a next step assume that ρ ă ρcpβq: According to Lemma A.6, the sequence pµωNq8N“1
P-almost surely converges to a limit pµ ă 0. Consequently, P-almost surely there exists a
δ ą 0 such that ´µωN ą δ for all but finitely many N P N. Hence, P-almost surely, with
gǫ,ǫpEq defined as in (A.12),
lim
ǫŒ0
lim
NÑ8
1
N
ÿ
j:E
j,ω
N
ďǫ
n
j,ω
N “ ρ´1 lim
ǫŒ0
lim
NÑ8
ż
p0,ǫs
BpE ´ µωNqN ωNpdEq
ď ρ´1 lim
ǫŒ0
lim
NÑ8
ż
p0,ǫs
BpE ` δqN ωNpdEq
ď ρ´1Bpδq lim
ǫŒ0
lim
NÑ8
ż
R
gǫ,ǫpEqN ωNpdEq
“ ρ´1Bpδq lim
ǫŒ0
ż
R
gǫ,ǫpEqN8pdEq
ď ρ´1Bpδq lim
ǫŒ0
N I8p2ǫq
“ 0
employing P-almost sure vague convergence of N ωN to N8 and Theorem 2.4.
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